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Abstrat
The word `double' was used by Ehresmann to mean `an objet X in the ategory of
all X '. Double ategories, double groupoids and double vetor bundles are instanes, but
the notion of Lie algebroid annot readily be doubled in the Ehresmann sense, sine a Lie
algebroid braket annot be dened diagrammatially. In this paper we use the duality
of double vetor bundles to dene a notion of double Lie algebroid, and we show that this
abstrats the innitesimal struture (at seond order) of a double Lie groupoid.
We further show that the otangent of either Lie algebroid in a Lie bialgebroid has a
double Lie algebroid struture, and that a pair of Lie algebroid strutures on dual vetor
bundles forms a Lie bialgebroid if and only if the strutures whih they anonially indue
on their otangents form a double Lie algebroid. In partiular, the Drinfel'd double of a
Lie bialgebra has a double Lie algebroid struture.
We also show that mathed pairs of Lie algebroids, as used by J.H. Lu in the lassi-
ation of Poisson group ations, are in bijetive orrespondene with vaant double Lie
algebroids.
∗
2000Mathematis Subjet Classiation. Primary 53D17. Se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INTRODUCTION
The word `double' has two distint usages. In [4℄ Drinfel'd introdued the lassial double of a
Lie bialgebra (g, g∗), whih ombines g and g∗ into a single Lie algebra g ⊲⊳ g∗ whih enodes
fully the relations between g and g∗. (We do not onsider quantum doubles in this paper.)
In ategorial language the word `double' desribes an objet of type X in the ategory
of all objets X. Thus a `double vetor bundle' is a vetor bundle D → A in whih both
the total spae and base spae are objets in the ategory of vetor bundles, say D → B and
A → M ; the maps dening the struture of D → A must be morphisms in the ategory of
vetor bundles. (More detail is given below and in 1.) The notion of a double ategory, the
fundamental prototype of this onept of double, was introdued and developed by Ehresmann
[6℄. Double ategories should be distinguished from the more reent notions of 2ategory and
biategory.
We show in this paper that the Drinfel'd double of a Lie bialgebra may be regarded as a
double in the Ehresmann sense. Further, we show that the otangent of (either bundle in) a
Lie bialgebroid is a double in the Ehresmann sense, and that this onstrution redues to the
Drinfel'd double when the Lie bialgebroid is a Lie bialgebra.
The ruial step is to dene a onept of double in the Ehresmann sense for Lie algebroids.
The denition annot be preisely of the type desribed above sine the braket of a Lie
algebroid is not a map in the ategory of vetor bundles. We use an indiret approah
(Denition 3.1) and show, in 6, that this is an innitesimal form of doubles of Ehresmann
type.
A double Lie algebroid is rst of all a double vetor bundle as in Figure 1(a); that is, D
D //

B

A //M
(a)
TA //

TM

A //M
(b)
T ∗A //

A∗

A //M
()
Figure 1.
has two vetor bundle strutures, on bases A and B, eah of whih is itself a vetor bundle on
base M , suh that for eah struture on D, the struture maps (projetion, addition, salar
multipliation) are vetor bundle morphisms with respet to the other struture, and the
ombination of the two projetions, D → A×M B, is a surjetive submersion (see 1 for more
detail). Two examples to keep in mind are the tangent prolongation of an ordinary vetor
bundle as in Figure 1(b) (see [1℄ for a lassial treatment), and the otangent double vetor
bundle as in Figure 1() (see [26℄).
Now suppose that all four sides of Figure 1(a) have Lie algebroid strutures. The problem is
to dene ompatibility between the braket strutures on D, bearing in mind that the brakets
are on dierent modules of setions. The key is the duality for double vetor bundles desribed
in 1. Although our ompatibility ondition annot (as far as we know) be interpreted as a
ondition of the form `either braket struture on (setions of) D is a morphism with respet
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to the other', we show in Theorem 6.2 that this onept of double Lie algebroid inludes the
innitesimal invariants of double Lie groupoids, whih are dened by suh onditions. We
therefore feel justied in referring to it as a double of Ehresmannian type, or a ategorial
double.
In 4 we dene a notion of double for Lie bialgebroids. A Lie bialgebroid (A,A∗) on
base M [26℄ onsists of Lie algebroid strutures on a vetor bundle and its dual, subjet to a
ompatibility ondition whih an be most suintly expressed by saying that the dierential
of eah Lie algebroid ats as a derivation on the Shouten (or Gerstenhaber) algebra assoiated
with the other [9℄.
Given a Lie bialgebroid (A,A∗), the Lie algebroid struture on A indues a Poisson stru-
ture on A∗ by an extension [3℄ of the duality between Lie algebras and linear Poisson stru-
tures on vetor spaes. This Poisson struture in turn indues a Lie algebroid struture on
T ∗A∗ → A∗, dened in terms of the Poisson braket of 1forms. Likewise, the Lie algebroid
struture on A∗ indues a Lie algebroid struture on T ∗A → A. Using the anonial dieo-
morphism T ∗A∗ → T ∗A [26℄ we now have Lie algebroid strutures on eah of the four sides of
Figure 1(). This is a double Lie algebroid as dened in 3, the otangent double of (A,A∗).
Suppose now that we have Lie algebroid strutures on A and A∗ with no further as-
sumption. As above, the Poisson strutures on A∗ and A indue Lie algebroid strutures on
T ∗A∗ → A∗ and T ∗A→ A and we prove in 4 that if these onstitute a double Lie algebroid
struture on T ∗A, then (A,A∗) is a Lie bialgebroid.
When M is a point, so that A = g and A∗ are Lie algebras, the otangent manifold T ∗g
is g × g∗. The Lie algebroid struture on g × g∗ → g is the ation, or transformation, Lie
algebroid dened by the oadjoint ation of g∗ on g; likewise the oadjoint ation of g on g∗
denes the Lie algebroid struture on g×g∗ → g∗. These strutures have not been muh used,
sine g× g∗ has the lassial Drinfel'd double struture g ⊲⊳ g∗, as a Lie algebra.
For an arbitrary Lie bialgebroid (A,A∗) there is no known Lie algebroid struture on
T ∗A→ M (and indeed there is no natural vetor bundle struture) whih redues to g ⊲⊳ g∗
in the bialgebra ase. Consequently there is no diret analogue for T ∗A of the Manin triple
theorem (as in [14℄) whih, for a pair of Lie algebra strutures on dual vetor spaes, gives a
riterion for them to form a Lie bialgebra. Nonetheless Theorem 4.1 provides a riterion for
a pair of Lie algebroid strutures on dual vetor bundles to form a Lie bialgebroid.
A Manin triple theorem for Lie bialgebroids whih diretly generalizes the Lie bialgebra
result, was given by Liu, Weinstein, and Xu [11℄, whose notion of double is a Courant algebroid
struture on the diret sum A ⊕ A∗. Some omments on the dierenes between the two
approahes are given at the end of 4.
The lak of a struture on T ∗A→M is an inherent feature of the otangent. A otangent
double vetor bundle T ∗A is loally isomorphi to A ×M A
∗ ×M T
∗M and is of the form
A×M A
∗
if and only if M is 0dimensional.
We all a double Lie algebroid (D;A,B;M) vaant if D is isomorphi to A ×M B as a
double vetor bundle. We prove in 5 that in this ase there are indued ations ρ of A on B
and σ of B on A, and these satisfy the equations
ρX([Y1, Y2]) = [ρX(Y1), Y2] + [Y1, ρX(Y2)] + ρσY2 (X)(Y1)− ρσY1 (X)(Y2),
σY ([X1,X2]) = [σY (X1),X2] + [X1, σY (X2)] + σρX2 (Y )(X1)− σρX1 (Y )(X2), (1)
a(σY (X)) − b(ρX(Y )) = [b(Y ), a(X)],
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for X1,X2,X ∈ ΓA, Y1, Y2, Y ∈ ΓB, where a and b are the anhors. Conversely, given suh
a pair of ations, A×M B has a double Lie algebroid struture.
A pair of ations satisfying (1) is alled a mathed pair struture for A and B [31℄. This no-
tion of mathed pair extends the onept introdued into geometry by KosmannShwarzbah
and Magri [10℄ under the name extension biroisée or twilled extension, by Lu and Weinstein
[14℄ as a double Lie algebra, and by Majid [28℄, with the term mathed pair whih we use. (In
fat, forms of the onept had been found muh earlier; see [37℄, [2℄ for referenes.) As in the
ase of Lie algebras, given a mathed pair struture for Lie algebroids A and B, the diret
sum bundle A ⊕ B has a Lie algebroid struture A ⊲⊳ B for whih A ⊕ 0 and 0 ⊕ B are Lie
subalgebroids, and the onverse is also true [31℄.
We note here that Lu [12℄ showed that any Poisson ation of a Poisson Lie group G on
a Poisson manifold P gives rise to a mathed pair of Lie algebroids, and the orresponding
diagonal struture T ∗P ⊲⊳ (P × g∗) arries Drinfel'd's lassiation of Poisson homogeneous
spaes [5℄. In a future paper we will show that the orresponding onstrution for an ation
of a general Poisson groupoid gives rise to a double Lie algebroid whih is not vaant, and so
does not orrespond to a mathed pair.
* * * * *
There are two further points to be made about the onept of double Lie algebroid. Firstly,
a natural global analogue is provided by the onept of double Lie groupoid [16℄: we show in
6 that applying a seondorder version of the Lie funtor to a double Lie groupoid yields a
double Lie algebroid. This subsumes various known dierentiation results and raises a general
integrability problem.
It is well known that Lie bialgebroids are the innitesimal form of Poisson groupoids [36℄,
[27℄. In the ase of Lie bialgebras a further step was ahieved by Lu and Weinstein [13℄ who
proved the existene of a sympleti double Lie groupoid integrating a Poisson Lie group.
The double Lie algebroid of this sympleti double Lie groupoid is the otangent double Lie
algebroid desribed above.
For mathed pairs of Lie algebras the global onept of mathed pair of Lie groups was
introdued into geometry at the same time [28℄, [14℄. The global onept of a mathed pair
of Lie groupoids was given in [16℄. In the Lie algebra ase, various integrability results were
given in the same papers, but little is known about the integrability of mathed pairs of Lie
algebroids [24℄. As [13℄ shows, a mathed pair of Lie algebras may fail to integrate to a
mathed pair of Lie groups, but nonetheless integrate to a double Lie groupoid.
The seond point to be made is that the onept of double Lie algebroid oers, at least
in some situations, a means of bypassing the problems aused by the lak of pullbaks in
the Poisson ategory. It is wellknown that the ation groupoid arising from the ation of a
Poisson Lie group G on a Poisson manifold P is not a Poisson groupoid. It was shown in [22℄
that the indued ation of T ∗G ⇒ g∗ on the dual p : T ∗P → g∗ of the innitesimal ation,
alled the pith in [22℄, gives rise to a groupoid objet in the ategory of Lie algebroids whih
dierentiates to Lu's mathed pair of Lie algebroids. In the group ase one may work diretly
with the mathed pair but, as mentioned above, for a Poisson ation of a Poisson groupoid,
the orresponding struture is a double Lie algebroid whih does not redue to a mathed
pair.
Sine the mid 1990s several authors have worked to provide a haraterization of the
otangent double of a Lie bialgebroid in terms of super geometry [34℄, [33℄. This has now
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been ahieved by Ted Voronov [35℄ who further gives a formulation of the general onept of
double Lie algebroid presented here in terms of super geometry. Independently, Mehta [30℄
has found a super formulation of the related notion of L A groupoid.
On a speulative level, one may ask what relation, if any, exists between this theory and
the weak multiple ategory theory that is used in some approahes to eld theory. The dier-
enes between double Lie groupoid theory [16℄, [20℄ and the various notions of weak 2ategory
or biategory, are very onsiderable and it may be that there is no simple relationship. The
expetation that a link may exist is perhaps based on the fat that the notion of ordinary
Lie groupoid inludes both the frame groupoids of dierential geometry and the fundamental
groupoid of a manifold, and thus has both a dierential geometri and a topologial sig-
niane. However, this may be misleading as regards multiple strutures: the homotopy
properties of double Lie groupoids present onsiderable problems, and the notion of weak
2ategory does not seem to readily aept a smooth struture. Perhaps these matters an
be resolved, but in any ase the results of this paper, partiularly in the light of 6, appear to
show that multiple Lie groupoid theory is well suited to nitedimensional smooth dierential
geometry.
* * * * *
An announement of some of the main results of this paper was published in [17℄, and an
early version was arXived in [21℄. Amongst the many hanges between [21℄ and the urrent
paper, the most striking is perhaps the simpliation of the denition 3.1 of a double Lie
algebroid, following the observation of Ted Voronov that in his super formulation [35℄, the
analogue of Condition II in [21℄ follows from Conditions I and III. This has enabled many
arguments to be onsiderably shortened.
We do not inlude oordinate representations in this paper. The use of intrinsi formula-
tions keeps lear the nature of eah struture and makes the lifting of results and denitions
from one level to another muh easier. For example, most of the anonial isomorphisms used
in the paper have been introdued for manifolds or vetor bundles, and are then lifted to
various multiple strutures. The funtorial nature of these proesses is less lear in oordinate
formulations. However, a oordinatebased approah is inluded in [35℄.
The material of this paper has developed over a onsiderable number of years and I
have beneted greatly from many onversations with Yvette KosmannShwarzbah, Alan
Weinstein, and Ping Xu over this time. Conversations with Ted Voronov at the XXVth
Workshop on Geometry and Mathematial Physis at Biaªowie»a in 2006 provided a ruial
stimulus for this revision and I am very grateful to him, and to the organizers of the Biaªowie»a
workshop for providing, inter alia, the opportunity for extended onversations. I also wish to
thank the organizers of the programme on Gerbes, Groupoids and Quantum Field Theory at
the ESI in 2006, where important parts of this revision were written.
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 1 DOUBLE VECTOR BUNDLES AND THEIR DUALITY
We begin by realling the duality of double vetor bundles whih was introdued in [18℄, [8℄
using the duality whih Pradines [32℄ had introdued for vetor bundle objets in the ategory
of Lie groupoids. See [15℄ for a fuller aount.
The denition of double vetor bundle given in the Introdution (see Figure 1(a)) is om-
plete but needs elaboration. We denote the projetions in Figure 1(a) by qDA : D → A and
qDB : D → B; these are vetor bundle morphisms over the projetions qB : B → M and
qA : A → M respetively. If d ∈ D has q
D
A (d) = a and q
D
B (d) = b, and qA(a) = m, then we
say that d has outline (d; a, b;m).
Consider four elements d1, . . . , d4 of D with projetions a1, . . . , a4 in A and b1, . . . , b4
in B suh that a1 = a2, a3 = a4, b1 = b3 and b2 = b4. Then the ondition that eah
bundle projetion from D is a morphism of vetor bundles with respet to the other struture
guarantees that both sides of
(d1 +
A
d2) +
B
(d3 +
A
d4) = (d1 +
B
d3) +
A
(d2 +
B
d4) (2)
are dened. Here
+
A
denotes the addition in D → A and +
B
the addition in D → B. The
ondition that eah addition be a vetor bundle morphism with respet to the other struture
then implies equality in (2). There are orresponding equations involving salar multipliation.
Equation (2) is the interhange law for addition.
Given a ∈ A we denote the zero of D → A above a by 0˜a. Similarly the zero of D → B
above b ∈ B is denoted 0˜b. The zeros in A → M and B → M are denoted 0
A
m and 0
B
m. The
interhange law implies that the zero 0˜0Am for D → A and the zero 0˜0Bm for D → B are equal;
this is denoted ⊙m.
The intersetion of the kernels of the two projetions dened on D is alled the ore of the
double vetor bundle D and denoted C. The vetor bundle strutures on D indue a ommon
vetor bundle struture on C with base M . The kernel of qDB : D → B is the pullbak q
!
AC of
this vetor bundle C aross qA, and the kernel of q
D
A : D → A is q
!
BC. In pratie ores are
often identied with strutures whih are not stritly subsets of D and in suh ases we write
c for the element of D whih orresponds to a c ∈ C.
A morphism of double vetor bundles from (D;A,B;M) to (D′;A′, B′;M ′) is a quadruple
of maps ϕ : D → D′, ϕA : A → A
′
, ϕB : B → B
′
and ϕM : M → M
′
suh that (ϕ,ϕA),
(ϕ,ϕB), (ϕA, ϕM ) and (ϕB , ϕM ) are morphisms of vetor bundles. A morphism of double
vetor bundles indues a morphism of the ores ϕC : C → C
′
by restrition.
Regarding D as an ordinary vetor bundle over A, we denote the dual bundle by D BA.
(This notation avoids problems with multiple subsripts later.) In addition to its standard
struture on base A, this has a vetor bundle struture on base C∗, the projetion of whih,
denoted γAC∗ , is dened by
〈γAC∗(Φ), c〉 = 〈Φ, 0˜a +B c〉 (3)
where Φ: (qDA )
−1(a) → R, a ∈ Am, and c ∈ Cm. The addition in D BA → C
∗
, whih we
denote by
+
C∗
, is dened by
〈Φ +
C∗
Φ′, d+
B
d′〉 = 〈Φ, d〉+ 〈Φ′, d′〉. (4)
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The ondition that Φ and Φ′ projet to the same element of C∗ guarantees that this is well
dened. The zero of D BA→ C∗ above κ ∈ C∗m is denoted 0˜
BA
κ and is dened by
〈 0˜BAκ , 0˜b +A c〉 = 〈κ, c〉 (5)
where c ∈ Cm and b is any element of Bm. The salar multipliation is dened in a similar
way. These two strutures make D BA into a double vetor bundle as in Figure 2(a), the
D BA
γA
C∗ //
γA
A

C∗
qC∗

A qA
//M
(a)
D BB
γB
B //
γB
C∗

B
qB

C∗ qC∗
//M
(b)
Figure 2.
vertial dual of D. The ore of DBA identies with B∗, with the ore element ψ orresponding
to ψ ∈ B∗m given by
〈ψ, 0˜b +
A
c〉 = 〈ψ, b〉. (6)
There is also a horizontal dual DBB with sides B and C∗ and ore A∗, as in Figure 2(b).
There is now the following somewhat surprising result. A proof is in [15, Chap. 9℄.
Theorem 1.1 ([18, 3.1℄, [8, Thm. 16℄) There is a natural (up to sign) nondegenerate pair-
ing between D BA→ C∗ and D BB → C∗ given by
Φ, Ψ = 〈Φ, d〉 − 〈d, Ψ〉 (7)
where Φ ∈ D BA, Ψ ∈ D BB have γAC∗(Φ) = γ
B
C∗(Ψ) and d is any element of D with
qDA (d) = γ
A
A(Φ) and q
D
B (d) = γ
B
B (Ψ).
The pairing on the LHS of (7) is over C∗, whereas the pairings on the RHS are over A
and B respetively. The pairing indues isomorphisms of double vetor bundles
ZA : D BA→ D BB BC
∗, 〈ZA(Φ), Ψ〉 = Φ, Ψ , (8)
ZB : D BB → D BA BC
∗, 〈ZB(Ψ), Φ〉 = Φ, Ψ (9)
with (ZA)BC
∗ = ZB . Note that ZB indues the identity on both side bundles C
∗
and B and
is −id on the ores A∗, whereas ZA indues the identity on the side bundles C
∗
and the ores
B∗ but is −id on the side bundles A.
The example whih follows is needed for 4.
Example 1.2 Given an ordinary vetor bundle (A, q,M) there is the tangent double vetor
bundle of Figure 1(b). This example was used as early as the 1960s to provide an eient
formalism for onnetion theory in A; see [1℄. The ore of TA onsists of the vertial vetors
along the zero setion and identies anonially with A. Dualizing the standard struture
7
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TA→ A gives the otangent double vetor bundle of Figure 1() with ore T ∗M . Dualizing the
struture TA → TM gives a double vetor bundle whih we denote (T •A;A∗, TM ;M); this
is anonially isomorphi to (T (A∗);A∗, TM ;M) under an isomorphism IA : T (A
∗) → T •A
given by
〈IA(X ), ξ〉 = 〈〈X , ξ〉〉 (10)
where X ∈ T (A∗) and ξ ∈ TA have T (q∗)(X ) = T (q)(ξ), and 〈〈 , 〉〉 is the tangent pairing of
T (A∗) and TA over TM dened by
〈〈X , ξ〉〉 = ddt〈ϕt, at〉
∣∣
0
,
for X = ddtϕt
∣∣
0
and ξ = ddtat
∣∣
0
.
Applying 1.1 to D = TA thus indues a pairing of T ∗A and T (A∗) over A∗ given by
Φ, X = 〈〈X , ξ〉〉 − 〈Φ, ξ〉
where Φ ∈ T ∗A and X ∈ T (A∗) have r(Φ) = pA∗(X ), and ξ ∈ TA is hosen so that T (q)(ξ) =
T (q∗)(X ) and pA(ξ) = cA(Φ). (Here cA is the projetion of the standard otangent bundle
and r : T ∗A → A∗ is a partiular ase of (3).) This pairing is nondegenerate and so denes
an isomorphism of double vetor bundles R : T ∗A∗ → T ∗A by the ondition
R(F), X = 〈F , X〉
where the pairing on the RHS is the standard one of T ∗(A∗) and T (A∗) over A∗. This R
preserves the side bundles A and A∗ but indues −id : T ∗M → T ∗M as the map of ores. It
is an antisympletomorphism with respet to the exat sympleti strutures. In summary
we now have the very useful equation
〈F , X〉+ 〈R(F), ξ〉 = 〈〈X , ξ〉〉, (11)
for F ∈ T ∗A∗, X ∈ T (A∗), ξ ∈ TA, where the pairings are over A∗, A and TM respetively.
This equation was originally derived in [26, 5℄ by using the sympleti strutures.
Now return to the general double vetor bundle in Figure 1(a), denoting the ore by C.
Eah vetor bundle struture on D gives rise to a double otangent bundle. These two double
otangents t together into a triple struture as in Figure 3(a). This struture is a triple
vetor bundle in an obvious sense: eah fae is a double vetor bundle and for eah vetor
bundle struture on T ∗D, the maps dening the struture are morphisms of double vetor
bundles. The left and rear faes of Figure 3(a) are the two otangent doubles of the two
strutures on D and the top fae may be regarded as the otangent double of either of the
two duals of D. (In all suh triple diagrams, we take the oblique arrows to be oming out of
the page.)
Figure 3(a) is, in a sense made preise in [23℄, the vertial dual of the tangent prolongation
of D as given in Figure 3(b). Five of the six faes in 3(a) are double vetor bundles of types
onsidered already; it is only neessary to verify that the top fae is a double vetor bundle.
The ores of the same ve faes are known, and we take the ore of the top fae to be T ∗C.
Taking these ores in opposite pairs, together with a parallel edge, then gives three double
vetor bundles: the left and the right ores form (T ∗A;A,A∗;M), the bak and the front
ores form (T ∗B;B,B∗;M) and the up and the down ores form (T ∗C;C,C∗;M). Eah of
these ore double vetor bundles has ore T ∗M .
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T ∗D //

%%JJ
JJ
JJ
D BB

$$H
HH
HH
H
D BA //

C∗

D //
%%KK
KK
KK
KK
B
$$J
JJ
JJ
J
A //M
(a)
TD //

##F
FF
FF
F TB

##G
GG
GG
G
TA //

TM

D //
##F
FF
FF
FF
B
##G
GG
GG
GG
A //M
(b)
Figure 3.
 2 PRELIMINARY CASE
Consider a double vetor bundle as in Figure 1(a). Before onsidering braket strutures, we
need to onsider two lasses of setions of the bundle strutures on D.
A setion ξ ∈ ΓAD is a (vertial) linear setion if there exists X ∈ ΓB suh that (ξ,X) is
a vetor bundle morphism from (A, qA,M) to (D, q
D
B , B).
Proposition 2.1 If (ξ,X) is a linear setion, then ℓξ : D BA→ R dened by
Φ 7→ 〈Φ, ξ(γAA(Φ))〉
is linear with respet to C∗ as well as A, and the restrition of ℓξ to the ore of D BA is
ℓX : B
∗ → R.
Proof. Take elements (Φ1; a1, κ;m) and (Φ2; a2, κ;m) of D BA. Their sum over C
∗
has
outline (Φ1 +
C∗
Φ2; a1+ a2, κ;m) and so, using rst the linearity of ξ and then the denition of
+
C∗
,
ℓξ(Φ1 +
C∗
Φ2) = 〈Φ1 +
C∗
Φ2, ξ(a1 + a2)〉 = 〈Φ1 +
C∗
Φ2, ξ(a1) +
B
ξ(a2)〉
= 〈Φ1, ξ(a1)〉+ 〈Φ2, ξ(a2)〉 = ℓξ(Φ1) + ℓξ(Φ2).
Salar multipliation is similar. Given ψ ∈ B∗m the orresponding ore element ψ ∈ D
BA is
given by (6). Using this,
ℓξ(ψ) = 〈ψ, ξ(0
A
m)〉 = 〈ψ, x(m)〉 = ℓx(ψ), (12)
where ℓx : B
∗ → R denotes the linear map ϕ 7→ 〈ϕ, x(qB∗(ϕ))〉, for any x ∈ ΓB. 2
Given a linear setion (ξ, x), denote by ξ⊓ the setion of DBABC∗ → C∗ whih is dened
by ℓξ. Thus
〈ξ⊓(κ), Φ〉C∗ = ℓξ(Φ) = 〈Φ, ξ(a)〉A (13)
for (Φ; a, κ;m) ∈ D BA. It is easily seen that (ξ⊓, x) is a linear setion of D BA BC∗ → C∗.
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There is thus a bijetive orrespondene between vertial linear setions of D and hori-
zontal linear setions of D BABC∗. In the ase where D is the tangent of an ordinary vetor
bundle A, as in Figure 1(b), this is the orrespondene between linear vetor elds on A and
linear vetor elds on A∗ (see [15, 3.4℄).
Next, for any c ∈ ΓC, dene a ore setion c ∈ ΓAD by
c(a) = c(m) +
B
0˜a.
Proposition 2.2 The vertial linear setions (ξ,X) and the ore setions c for c ∈ ΓC,
generate ΓAD as a C
∞(A)module.
Proof. Firstly, given any X ∈ ΓB, there is a linear setion (ξ,X). To see this, let
S : D → A×M B ×M C
be a splitting of D; that is, an isomorphism of double vetor bundles to the double vetor
bundle for whih the vertial struture is the pullbak q!A(B⊕C) and the horizontal struture
is the pullbak q!B(A⊕ C). Then the setion
a 7→ S−1(a, X(m), 0m),
where m = qA(a), is linear over X.
Now onsider any setion whatever ξ ∈ ΓAD. Then by paraompatness q
D
A ◦ ξ : A → B
is a nite sum
qDA ◦ ξ =
∑
FiXi
where Fi ∈ C
∞(A) and Xi, for Xi ∈ ΓB, denotes the pullbak setion of q
!
AB. For eah Xi
hoose a linear setion (ξi,Xi) and write η =
∑
Fiξi.
Then ξ − η projets to zero under qDA and is therefore c for some c ∈ ΓC. 2
Before addressing the general onept of double Lie algebroid, it will be helpful to deal
with a very speial ase.
Denition 2.3 An L A vetor bundle is a double vetor bundle as in Figure 1(a) together
with Lie algebroid strutures on a pair of parallel sides, suh that the struture maps of the
other pair of vetor bundle strutures are Lie algebroid morphisms.
For deniteness, take the Lie algebroid strutures to be on D → A and B → M . Write
∆A : D → TA and b : B → TM for the anhors.
Sine D → A is a Lie algebroid, the dual D BA has a dual Poisson struture, whih is
linear with respet to the bundle struture over A.
Theorem 2.4 The Poisson struture πBA on D
BA is also linear with respet to the bundle
struture over C∗.
Proof. Sine it is dual to a Lie algebroid struture, πBA is haraterized by the following
equations.
{ℓξ, ℓη} = ℓ[ξ,η], {ℓξ, F ◦ γ
A
A} = ∆A(ξ)(F ) ◦ γ
A
A , {F1 ◦ γ
A
A , F2 ◦ γ
A
A} = 0, (14)
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where ξ and η are arbitrary elements of ΓAD and F1, F2 ∈ C
∞(A). See [15, 10.3℄. We need
to prove orresponding equations with respet to the bundle struture over C∗. The funtions
D BA→ R whih are linear with respet to the bundle struture over C∗ are determined by
arbitrary setions of D BA BC∗ → C∗. As in Proposition 2.2, these are of two types.
Firstly, if X ,Y ∈ ΓC∗(D BA BC
∗) are linear setions, then X = ξ⊓ and Y = η⊓ for
linear setions (ξ, x), (η, y) ∈ ΓAD.
Lemma 2.5 If (ξ, x) and (η, y) are linear setions of D, then ([ξ, η], [x, y]) is also.
Proof. For a setion ξ whih projets under qDB to a setion x, dene a setion ξ ⊕ ξ of
D ⊕B D → A ⊕M A by (ξ ⊕ ξ)(a1 ⊕ a2) = ξ(a1) ⊕ ξ(a2). Then (ξ, x) is linear if and only if
ξ ⊕ ξ projets to ξ under the horizontal addition +
B
: D ⊕B D → D, whih is a Lie algebroid
morphism over +: A⊕M A→ A by hypothesis. Sine the two omponents of a ξ ⊕ ξ depend
on eah variable separately, we have [ξ ⊕ ξ, η ⊕ η] = [ξ, η] ⊕ [ξ, η] and the result follows. 2
So {ℓC
∗
X
, ℓC
∗
Y
} = {ℓξ, ℓη} = ℓ[ξ,η] = ℓ
C∗
[ξ,η]⊓ is also linear over C
∗
. Here we wrote ℓC
∗
X
for
larity.
Seondly, any ϕ ∈ ΓA∗ indues a ore setion ϕ of D BA BC∗ → C∗ by
ϕ(κ) = 0˜BBκ +B ϕ(m), κ ∈ C
∗
m,
whih in turn indues ℓC
∗
ϕ : D
BA→ R. A simple alulation shows that
ℓC
∗
ϕ = ℓϕ ◦ γ
A
A .
It now follows from (14) that
{ℓC
∗
ϕ1
, ℓC
∗
ϕ2
} = {ℓϕ1 ◦ γ
A
A , ℓϕ2 ◦ γ
A
A} = 0. (15)
Next onsider a linear setion X = ξ⊓ and ϕ ∈ ΓA∗. We have
{ℓC
∗
X , ℓ
C∗
ϕ } = {ℓξ, ℓϕ ◦ γ
A
A} = ∆A(ξ)(ℓϕ) ◦ γ
A
A . (16)
Sine ∆A(ξ) is a linear vetor eld on A, it maps the linear funtion ℓϕ to a linear funtion.
To make this expliit, reall the notion of derivation on a vetor bundle. A derivation on
E → M is a linear dierential operator Λ of order 6 1 for whih there is a vetor eld X,
depending on Λ, suh that Λ(fµ) = fΛ(µ) + X(f)µ for all f ∈ C∞(M) and all setions µ
of E. For any vetor bundle E there is a vetor bundle D(E) the setions of whih are the
derivations, and with the anhor dened by Λ 7→ X and the usual braket, D(E) is a Lie
algebroid. See [15, 3.3℄ and referenes given there.
There is a bijetive orrespondene between derivations on E and linear vetor elds on
E∗, and in the present ase we an dene a derivation Λξ on A
∗
suh that
∆A(ξ)(ℓϕ) = ℓΛξ(ϕ) (17)
for all ϕ ∈ ΓA∗.
From 2.2 we know that ℓC
∗
X
, for X an arbitrary setion of DBABC∗ → C∗, is of the form
∑
Fi ℓ
C∗
ξ⊓i
+ ℓC
∗
ϕ
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where Fi ∈ C
∞(C∗). It follows from (15), (16), and the argument following Lemma 2.5, that
the braket of two suh funtions is another of the same type. This ompletes the proof that
the braket of any two funtions D BABC∗ → R whih are linear over C∗, is also linear over
C∗.
We next need to onsider funtions whih are pullbaks aross γAC∗ : D
BA→ C∗. Funtions
C∗ → R are of two types. Firstly any c ∈ ΓC indues ℓc : C
∗ → R. Seondly, any f ∈ C∞(M)
pulls bak to f ◦ qC∗ : C
∗ → R. It is easily seen that
ℓc ◦ γ
A
C∗ = ℓc, f ◦ qC∗ ◦ γ
A
C∗ = f ◦ qA ◦ γ
A
A . (18)
For the braket of two funtions of the rst type, we have {ℓc1 , ℓc2} = ℓ[c1,c2] from (14).
Consider the horizontal salar multipliation in D by some t 6= 0, 1. This denes an automor-
phism D → D over A → A and therefore indues a map of setions tB : ΓAD → ΓAD; the
Lie algebroid ondition then ensures that [tB(ξ), tB(η)] = tB([ξ, η]) for all ξ, η ∈ ΓAD. Now
for c ∈ ΓC, tc = tB(c) and so we have
t[c1, c2] = [tB(c1), tB(c2)] = [tc1, tc2] = t2[c1, c2].
Thus the braket of two funtions D BA→ R arising from setions of C must be zero.
That the braket of two funtions of the seond type in (18) is zero follows immediately
from (14).
Again from (14), we have
{ℓc ◦ γ
A
C∗ , f ◦ qC∗ ◦ γ
A
C∗} = {ℓc, f ◦ qC∗ ◦ γ
A
C∗} = ∆A(c)(f ◦ qC∗) ◦ γ
A
C∗ .
The anhor ∆A : D → TA is a morphism of double vetor bundles and therefore restrits
to a map of the ores, whih we denote by ∂A : C → A. Then ∆A maps the ore setion c
to the ore setion of TA orresponding to ∂A(c). The ore setions of TA are the vertial
vetor elds on A and vertial vetor elds map pullbak funtions to zero. (See [15, 3.4℄.)
So {ℓc ◦ γ
A
C∗ , f ◦ qC∗ ◦ γ
A
C∗} = 0.
It remains to show that brakets {ℓC
∗
X
, G◦γAC∗}, where X is a setion of D
BABC∗ → C∗
and G ∈ C∞(C∗), are of the form G′ ◦ γAC∗ . As before, it sues to onsider the ases where
X is ξ⊓ or ϕ and G is ℓc or f ◦ qC∗.
Firstly, we have {ℓC
∗
ℓ⊓ , ℓc ◦ γ
A
C∗} = {ℓξ, ℓc} = ℓ[ξ, c]. Now ξ projets to x under q
D
B and c
projets to 0, so [ξ, c] also projets to 0. It is therefore c′ for some c′ ∈ ΓC whih we denote
Qξ(c); it is easily heked that Qξ : ΓC → ΓC is a derivation on C.
Seondly,
{ℓC
∗
ℓ⊓ , f ◦qC∗ ◦γ
A
C∗} = {ℓξ, f ◦qA ◦γ
A
A} = ∆A(ξ)(f ◦qA)◦γ
A
A = x(f)◦qA ◦γ
A
A = x(f)◦qC∗ ◦γ
A
C∗
whih is of the required form.
In the third ase we have
{ℓϕ ◦ γ
A
A , ℓc} = −∆A(c)(ℓϕ) ◦ γ
A
A = −∂A(c)
↑(ℓϕ) ◦ γ
A
A ,
where ∂A(c)
↑
is the vertial vetor eld on A orresponding to the setion ∂A(c). Sine the
ows of ∂A(c)
↑
are by salar multipliation, we have ∂A(c)
↑(ℓϕ) = 〈ϕ, ∂A(c)〉 ◦ qA and the
result is of the required form.
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Lastly, in the fourth ase the braket is zero, sine both funtions are pullbaks from A.
This ompletes the proof of Theorem 2.4. 2
It follows that D BA BC∗ → C∗ has a Lie algebroid struture dened by
ℓC
∗
[X ,Y ] = {ℓ
C∗
X , ℓ
C∗
Y }, e(X )(G) ◦ γ
A
C∗ = {ℓ
C∗
X , G ◦ γ
A
C∗},
where e denotes the anhor, X ,Y ∈ ΓC∗(D BA BC
∗) and G ∈ C∞(C∗).
From the proof of 2.4 we have, in partiular, that
[ξ⊓, η⊓] = [ξ, η]⊓, [ξ⊓, ϕ] = Λξ(ϕ), [ϕ, ψ] = 0, e(ξ
⊓)(ℓc) = ℓQξ(c),
e(ξ⊓)(f ◦ qC∗) = x(f) ◦ qC∗ , e(ϕ)(ℓc) = −〈ϕ, ∂A(c)〉 ◦ qC∗, e(ϕ)(f ◦ qC∗) = 0,
(19)
where (ξ, x) and (η, y) are linear setions of D → A, ϕ,ψ ∈ ΓA∗, c ∈ ΓC and f ∈ C∞(M).
The operators Λξ : ΓA
∗ → ΓA∗ and Qξ : ΓC → ΓC are dened in the ourse of the proof.
Notie that, sine the relationship between D and D BA BC∗ is reiproal, there is a
similar set of equations for the braket on D → A.
For any vetor bundle V → M with a linear Poisson struture π, the Poisson anhor
π# : T ∗V → TV is a morphism of double vetor bundles over V and the anhor a : V ∗ → TM
of the dual Lie algebroid struture. Taking the dual of π# over V (that is, the usual dual)
exhanges the side and ore strutures with the other's duals, so that (π#)∗ has ore morphism
a∗. Sine (π#)∗ = −π# it follows that the ore morphism of π# is −a∗. See [15, 9.2.1℄.
This argument applies to eah vetor bundle struture on D BA. Denote the Poisson
anhor assoiated to πBA by π
#A. Figure 4 shows the otangent and tangent triple vetor
bundles for D BA, whih are the domain and target for π#A.
T ∗(D BA) //

%%LL
LL
LL
L
D BA BC∗

&&MM
MM
MM
MM
D //

B

D BA //
&&MM
MM
MM
M
C∗
&&MM
MM
MM
MM
A //M
(a)
T (D BA) //

%%KK
KK
KK
K
TC∗

##G
GG
GG
GG
TA //

TM

D BA //
&&LL
LL
LL
LL
C∗
##H
HH
HH
HH
A //M
(b)
Figure 4.
Sine πBA is linear over A, π
#A : T ∗(D BA) → T (D BA) is a morphism of the left hand
faes in Figure 4, and the map D → TA is the anhor ∆A.
Likewise, π#A is a morphism of double vetor bundles for the rear faes of Figure 4 and
the orner map DBABC∗ → TC∗ is the anhor e for the Lie algebroid struture on DBABC∗.
It follows by a simple argument that π#A is a morphism of triple vetor bundles. The
orner map B → TM is the anhor b and the other four orner maps are identities.
In eet, Theorem 2.4 shows that dualizing an L A vetor bundle along its Lie algebroid
struture gives rise to a Poisson double vetor bundle; that is, to a double vetor bundle with
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a Poisson struture for whih the Poisson anhor is a morphism of triple vetor bundles. The
onverse may also be proved.
 3 ABSTRACT DOUBLE LIE ALGEBROIDS
We now turn to the general notion of double Lie algebroid. Before giving the denition, we
need some preliminaries.
Again onsider a double vetor bundle as in Figure 1(a). We now assume that there are Lie
algebroid strutures on all four sides and that eah pair of parallel sides forms an L A vetor
bundle.
Denote the four anhors by ∆A : D → TA, ∆B : D → TB, and b : B → TM, a : A →
TM . As usual we denote all four brakets by [ , ]; the notation for elements will make lear
whih struture we are using.
The anhors thus give morphisms of double vetor bundles
(∆A; id, b; id) : (D;A,B;M)→ (TA;A,TM ;M),
(∆B; a, id; id) : (D;A,B;M)→ (TB;TM,B;M)
and so dene morphisms of their ores; denote these by ∂A : C → A and ∂B : C → B.
From 2 we know that D BA BC∗ is a Lie algebroid over C∗. Likewise, the Lie algebroid
struture on D → B indues a Poisson struture on DBB whih is linear over C∗ and therefore
indues a Lie algebroid struture on D BB BC∗ with base C∗.
The bundles D BA BC∗ and D BB BC∗ are dual over C∗ under the pairing:
8X , Y 8 = 〈X , Z−1A (Y )〉 = 〈Z
−1
B (X ), Y 〉.
Denition 3.1 A double Lie algebroid is a double vetor bundle as in Figure 1(a), equipped
with Lie algebroid strutures on all four sides suh that eah pair of parallel sides forms an
L A vetor bundle, and suh that the Lie algebroid strutures on D BA BC∗ → C∗ and
D BB BC∗ → C∗ form a Lie bialgebroid.
In pratie we will use ZA or ZB to transfer the Lie algebroid struture from, for example,
D BB BC∗ to D BA.
We reall the notion of Lie bialgebroid, whih was introdued in [26℄ as an abstration of
the innitesimal struture of a Poisson groupoid [36℄. The onventions used here follow [15℄.
Denition 3.2 Let A be a Lie algebroid on base M and suppose that A∗ is also equipped with
a struture of Lie algebroid. These strutures onstitute a Lie bialgebroid if
d∗[X,Y ] = [d∗X,Y ] + [X, d∗Y ] (20)
for all X,Y ∈ ΓA.
In this denition d∗ is the oboundary operator for A
∗
and [ , ] is the Shouten braket
of multisetions of A. See [15℄, for example.
A Lie bialgebra is a Lie bialgebroid for whih M is a single point. For a Poisson manifold
M , the otangent Lie algebroid struture on T ∗M makes (T ∗M, TM) a Lie bialgebroid. The
following material, whih is needed below, an be found in [26℄ and [15, Chapter 12℄.
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Suppose that (A,A∗) is a Lie bialgebroid on base M and denote the anhors by a and a∗.
Then we take the Poisson struture on M to be π
#
M = a∗ ◦ a
∗
. It follows that a is a Poisson
map (to the tangent lift Poisson struture on TM ; see below) and a∗ is antiPoisson.
The onept of Lie bialgebroid is selfdual: if (A,A∗) is a Lie bialgebroid, then (A∗, A) is
also ([26, 3.10℄, [9℄, or see [15℄). However (A∗, A) will indue on M the opposite of the Poisson
struture indued by (A,A∗).
In this setion we need the following morphism riterion for a Lie bialgebroid ([26, 6.2℄,
or see [15, 12.2℄).
Theorem 3.3 Let A be a Lie algebroid on M suh that its dual vetor bundle A∗ also has a
Lie algebroid struture. Denote their anhors by a and a∗. Then (A,A
∗) is a Lie bialgebroid
if and only if
T ∗(A∗)
R
−→ T ∗(A)
π#
A−→ TA (21)
is a Lie algebroid morphism over a∗, where the domain T
∗(A∗) → A∗ is the otangent Lie
algebroid indued by the Poisson struture on A∗, and the target TA → TM is the tangent
prolongation of A.
The tangent prolongation Lie algebroid struture on TA→ TM is best thought of in terms
of the dual struture. For any Poisson manifold P there is a tangent lift Poisson struture on
TP for whih the anhor is given by
π
#
TP = JP ◦ T (π
#
P ) ◦Θ
−1
P (22)
where JP : T
2P → T 2P is the anonial involution for the manifold P and ΘP : T (T
∗P ) →
T ∗(TP ) was named the Tulzyjew dieomorphism of P in [15, p.395℄ (Θ was denoted J ′ in
[26℄). For any manifold P , either of the two formulas
ΘP = RTM ◦ (δν)
♭ = J∗M ◦ ITM (23)
may be taken as the denition of ΘP . Here δν is the anonial sympleti struture on T
∗P .
If P = A∗ is the dual of a Lie algebroid then the tangent lift Poisson struture is linear
with respet to the bundle T (A∗) → TM and therefore indues a Lie algebroid struture on
TA→ TM via the tangent pairing 〈〈 , 〉〉. The anhor is JM ◦T (a). See [26, 5.6℄ or [15, 10.3.14,
9.7.1℄.
With these preliminaries established, onsider a double Lie algebroid (D;A,B;M). We
use ZA to transfer the Lie algebroid struture from D BB BC
∗
to D BA. From the morphism
riterion, we know that
π#A ◦R : T ∗(D BA BC∗)→ T (D BA)
is a morphism of Lie algebroids over e : D BA BC∗ → TC∗. As with any Lie bialgebroid, it
is also a morphism of double vetor bundles, with the other side morphism being the identity
of D BA and the ore morphism being e∗ : T ∗C∗ → D BA.
From 2 we know that e is a morphism of double vetor bundles, namely of the two
righthand faes in Figure 4, over C∗ and b : B → TM .
Lemma 3.4 The ore of e : D BA BC∗ → TC∗ is −∂∗A : A
∗ → C∗.
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Proof. The dual of π#A over DBA is −π#A. In the dualization proess, the two triple vetor
bundles in Figure 4 are interhanged, but the positioning of the sides and ores is permuted.
In partiular, the ores of the righthand faes and of the front faes are exhanged. The map
of the front ores indued by π#A is ∂A, by denition. 2
The proess of dualizing a triple struture is overed in [23℄. Lemma 3.4 an also be proved
by using (19).
Dualizing e over C∗ it follows that e∗ is a morphism of double vetor bundles over C∗ and
−∂A, with ore morphism b
∗ : T ∗M → B∗.
The Poisson struture indued on C∗ by the Lie bialgebroid (D BA BC∗, D BA) has
assoiated anhor
π
#
C∗ = e∗ ◦ e
∗ : T ∗C∗ → TC,
where e∗ : DBA→ TC
∗
is the anhor of DBA→ C∗. Denoting the anhor of DBBBC∗ → C∗
by f , we have e∗ = f ◦ ZA. The arguments applied above to e apply equally to f and so
f : D BB BC∗ → TC∗ is a morphism of double vetor bundles over C∗ and −a, with ore
morphism −∂∗B . Thus π
#
C∗ is a morphism of double vetor bundles and therefore indues on
C the struture of a Lie algebroid, for whih the anhor is the side morphism (−a) ◦ (−∂A).
The ore morphism for π
#
C∗ is (−∂
∗
B)◦b
∗. The skewsymmetry of a Poisson anhor implies
that its ore morphism is the negative dual of its nonidentity side morphism, and so we have
a ◦ ∂A = b ◦ ∂B .
Proposition 3.5 The maps ∂A : C → A and ∂B : C → B are Lie algebroid morphisms.
We need two preparatory lemmas. The rst is from [15, 10.3.6℄ and is proved by the same
method as the seond.
Lemma 3.6 For any Lie algebroid V on M, the bundle projetion T ∗V ∗ → V is a morphism
of Lie algebroids over the bundle projetion V ∗ →M.
Lemma 3.7 The projetions D BA BC∗ → B and D BB BC∗ → A are morphisms of Lie
algebroids over the bundle projetion C∗ →M .
Proof. Denote the projetions by Q : D BA BC∗ → C∗ and q : C∗ → M . The anhor
ondition b ◦ Q = T (q) ◦ f follows from the fat that the Poisson anhor for D BA, namely
T ∗(D BA)→ T (D BA), is not only a morphism of double vetor bundles, but a morphism of
triple vetor bundles.
Sine q is a surjetive submersion and Q is brewise surjetive, it is suient to hek that
if X projets to x and Y projets to y, then [X , Y ] projets to [x, y]. By 2.2, it is suient
to onsider the ases of linear setions and ore setions.
For two linear setions (ξ, x) and (η, y) of D → A we have from the proof of Theorem 2.4
that [ξ, η] is linear over [x, y] and [ξ⊓, η⊓] = [ξ, η]⊓. Likewise, for ϕ,ψ ∈ ΓA∗, the ore setions
projet to zero and [ϕ, ψ] = 0 does also.
Lastly, for a linear setion (ξ, x) and ϕ ∈ ΓA∗, we have from (19) that [ξ⊓, ϕ] is the ore
setion Λξ(ϕ), and this projets to zero.
The result for D BB BC∗ → A is proved in the same way. 2
Proof of 3.5: As noted above, e∗ : T ∗C∗ → D BA is a morphism of double vetor bundles
over C∗ and −∂A : C → A. As for any Lie bialgebroid, e
∗
is also a morphism of Lie algebroids
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over C∗. Now the projetion T ∗C∗ → C is a morphism of Lie algebroids, and the projetion
DBA→ A is an antimorphism of Lie algebroids (beause ZA is −id on A). Both projetions
are surjetive submersions and so determine the Lie algebroid strutures on their targets. It
follows that −∂A is an antimorphism of Lie algebroids. 2
The general proess used here, of quotienting a known morphism of Lie algebroids, is
based on the following result. A bration of Lie algebroids is a morphism ν : A → A′ over
p : M →M ′ suh that p is a surjetive submersion and ν is brewise surjetive.
Proposition 3.8 Consider Lie algebroids A, A′ and B on bases M, M ′ and N , and let
ϕ : A → A′, ψ : A′ → B and ν : A → A′ be morphisms of vetor bundles over f, g and p,
with ϕ = ψ ◦ ν.
If ϕ is a morphism of Lie algebroids and ν is a bration of Lie algebroids, then ψ is a
morphism of Lie algebroids.
This follows from the general theory of quotients of Lie algebroids [15, 4.4℄, but is easy
to prove diretly.
Observe that Proposition 3.5 annot be proved by mapping setions of C to ore setions
of D → A. In the ase of an L A vetor bundle there is a simple relation (equation (18)),
but this does not hold for a general double Lie algebroid. This may be seen by onsidering
the iterated tangent bundle T 2M = T (TM) of any manifold; the braket of two vertial lift
vetor elds (whih are the ore setions in this ase) is always zero.
The next result, that the anhors ∆A and ∆B are morphisms of Lie algebroids with respet
to both strutures, was taken as part of the denition of a double Lie algebroid in [21℄. I am
grateful to Ted Voronov for having shown [35℄, using super methods, that it is a onsequene
of the other onditions in the denition. The proof whih follows uses standard methods.
Theorem 3.9 The anhor ∆A : D → TA is a Lie algebroid morphism over b : B → TM ,
and the anhor ∆B : D → TB is a Lie algebroid morphism over a : A→ TM .
T ∗(D BA BC∗)
π#A◦R //_____

ν
''OO
OO
OO
OO
T (D BA)

T (ν′)
&&MM
MM
MM
D
∆A //_________

TA

D BA BC∗ e
//_______
((PP
PP
PP
PP
P
TC∗
&&NN
NN
NN
N
B
b
//________ TM
Figure 5.
Proof. Figure 5 shows part of the outline of the map π#A ◦R : T ∗(DBABC∗)→ TC∗. The
dashed lines indiate that this should be read as a morphism of double strutures, from left
to right, and emphasize that it is not a triple struture,
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Note rst that every vertial arrow is the bundle projetion of a Lie algebroid. Next,
π#A ◦R is a morphism of Lie algebroids over e, by the morphism riterion. Next, v and T (ν ′)
are brations of Lie algebroids. That ν ′ : DBA→ A is a morphism over q∗ : C
∗ →M follows
from Lemma 3.7, and so its tangent prolongation is also. That ν is a bration follows from
3.6 by using D BA BC∗ ∼= D BB and taking V = D → B.
The result now follows by Proposition 3.8. 2
In the setions whih follow we onsider three lasses of examples of double Lie algebroids.
 4 THE COTANGENT DOUBLE OF A LIE BIALGEBROID
The notion of Lie bialgebroid is realled in the previous setion.
Consider a Lie algebroid A on M together with a Lie algebroid struture on the dual, not
a priori related to that on A. The struture on A∗ indues a Poisson struture on A, and this
gives rise to a otangent Lie algebroid T ∗A → A. Equally, the Lie algebroid struture on A
indues a Poisson struture on A∗ and this gives rise to a otangent Lie algebroid T ∗A∗ → A∗.
We transfer this latter struture to T ∗A→ A∗ via R. There are now Lie algebroid strutures
on eah of the four sides of the double vetor bundle D = T ∗A of Figure 6(a).
Theorem 4.1 Let A be a Lie algebroid on M suh that its dual vetor bundle A∗ also has a
Lie algebroid struture. Then (A,A∗) is a Lie bialgebroid if and only if D = T ∗A, with the
strutures just desribed, is a double Lie algebroid.
Proof. First assume merely that A∗ is a Lie algebroid. Consider Figure 1() with the
orresponding Lie algebroid strutures on the horizontal sides.
Lemma 4.2 Figure 1() with the Lie algebroid strutures just desribed, is an L A vetor
bundle.
Proof. It must be proved that the vetor bundle operations are Lie algebroid morphisms.
That the bundle projetion T ∗A→ A∗ is a Lie algebroid morphism follows from Lemma 3.6.
That the addition map is a Lie algebroid morphism follows from the fat that δℓϕ +
A
δℓψ =
δℓϕ+ψ for ϕ,ψ ∈ ΓA
∗
. The other onditions are similar. 2
Now assume that (A,A∗) is a Lie bialgebroid. The vertial struture on D is the otangent
Lie algebroid struture for the Poisson struture on A. Dualizing over A we have Figure 6(b)
and the Poisson struture on TA is the tangent lift of the Poisson struture on A. By 2 this
Poisson struture is also linear over TM . The dual D BABTM is shown in Figure 6(). The
map IA : T (A
∗)→ T •A desribed in Example 1.2 is an isomorphism of double vetor bundles
to (T (A∗);A∗, TM ;M) and by [15, 10.3.14℄ it is an isomorphism of Lie algebroids over TM
to the tangent prolongation of A∗ →M .
Now onsider the horizontal Lie algebroid struture in Figure 6(a). This was transported
via R from the otangent Lie algebroid of A∗. By the same argument as in the vertial ase,
the indued Lie algebroid struture on DBA∗BTM ∼= TA→ TM is isomorphi to the tangent
prolongation Lie algebroid of A→M .
We must now prove that :
Proposition 4.3 For (A,A∗) a Lie bialgebroid on M , and the strutures just desribed, the
pair (TA, T •A) is a Lie bialgebroid on TM .
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T ∗A //

A∗

A //M
(a)
TA //

TM

A //M
(b)
T •A //

TM

A∗ //M
()
Figure 6.
Proof. We use the morphism riterion 3.3. We must prove that
T ∗(T •A)
R•−→ T ∗(TA)
π#
TA−→ T 2A (24)
is a morphism of Lie algebroids over the anhor JM ◦ T (a∗) ◦ I
−1
A : T
•A→ T 2M of T •A.
Here R• is the anonial map R for TA → TM . The domain of (24) is the otangent
Lie algebroid for the Poisson struture on T •A. The target of (24) is the iterated tangent
prolongation of the Lie algebroid struture of A.
We need two lemmas. The rst is easily proved (see [15, 9.6.4℄). The Θ is the Tulzyjew
dieomorphism dened in (23).
Lemma 4.4 Let M be any manifold and write p : TM → M and c : T ∗M → M for the
bundle projetions. Then for X ∈ T (T ∗M) and ξ ∈ T (TM) with T (c)(X ) = T (p)(ξ),
〈〈X , ξ〉〉 = 〈Θ(X ), J(ξ)〉〉.
In the next lemma, the map I×A : T
∗(T •A) → T ∗(TA∗) is the dieomorphism of the
otangents indued by the dieomorphism IA.
Lemma 4.5 R• = ΘA ◦ T (RA) ◦Θ
−1
A∗ ◦ I
×
A .
Proof. We begin by alulating R• in terms of (11). Take F ∈ T
∗(T •A) and ξ ∈ T 2A
projeting to the same point of TA. Then
〈R•(F ), ξ〉TA = 〈〈X , ξ〉〉T 2M − 〈F, X 〉T •A, (25)
where X ∈ T (T •A) has the requisite projetions. Write Φ = Θ−1A∗(I
×
A (F )) ∈ T (T
∗A∗). Then
〈R•((I
×
A )
−1(ΘA∗(Φ))), ξ〉TA = 〈〈X , ξ〉〉T 2M − 〈(I
×
A )
−1(ΘA∗(Φ)), X 〉T •A,
Dene Ψ = T (IA)
−1(X ) ∈ T 2(A∗). Then the rst term on the RHS is
〈〈T (IA)(Ψ), ξ〉〉T 2M =
d
dt
〈IA(Ψt), ξt〉TM
∣∣∣∣
0
=
d
dt
〈〈Ψt, ξt〉〉TM
∣∣∣∣
0
.
where Ψt and ξt are urves in TA
∗
and TA with tangents Ψ and ξ. Denote this expression
by 〈〈〈Ψ, ξ〉〉〉; this is a pairing of T 2(A∗) and T 2(A) over T 2M .
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The seond term on the RHS of (25) is equal to 〈ΘA∗(Φ), T (I
−1
A )(X )〉T •A. By Lemma
4.4, this is 〈〈Φ, JA∗(Ψ)〉〉TA∗ .
Now onsider ΘA ◦ T (R). Using 4.4 again,
〈ΘA(T (R)(Φ)), ξ〉TA = 〈〈T (R)(Φ), JA(ξ)〉〉TA =
d
dt
〈R(Φt), ηt〉
∣∣∣∣
0
,
where Φt is a urve in T
∗A∗ with tangent Φ and ηt is a urve in TA with tangent JA(ξ). Now
〈R(Φt), ηt〉 = 〈〈Wt, ηt〉〉TM − 〈Φt, Wt〉A∗
where Wt ∈ TA
∗
is any element with the required outline. A areful heking of the outlines
of the various elements shows that we an take Wt to be an integral urve of JA∗(Ψ). It is
then lear that
d
dt
〈Φt, Wt〉A∗
∣∣∣∣
0
= 〈〈Φ, JA∗(Ψ)〉〉TA∗ .
The result now follows from the next lemma. 2
Lemma 4.6 Let A→M and A∗ →M be any dual vetor bundles and let 〈〈〈 , 〉〉〉 denote the
pairing of T 2(A∗) and T 2(A) over T 2M used in the proof above. Then, for Ψ ∈ T 2(A∗) and
ξ ∈ T 2(A) projeting to the same element of T 2M ,
〈〈〈JA∗(Ψ), JA(ξ)〉〉〉 = 〈〈〈Ψ, ξ〉〉〉.
Proof. Write ξ = ∂s ∂t a(0, 0) for a smooth a(s, t) ∈ A. The notation means that a is
dened in a neighbourhood of the origin, and that ξ is the tangent vetor at 0 to the urve
s 7→ ∂t a(s, 0) =
∂a
∂t (s, 0) in TM .
The projetion ondition ensues that we an likewise write Ψ = ∂s ∂t b(0.0) for a smooth
path b(s, t) ∈ A∗ with q(a(s, t)) = q∗(b(s, t)) for all (s, t) near (0, 0). Now
〈〈〈Ψ, ξ〉〉〉 =
d
ds
〈〈∂t a(s, 0), ∂t b(s, 0)〉〉
∣∣∣∣
s=0
=
∂2
∂s∂t
〈a(s, t), b(s, t)〉
∣∣∣∣
(0,0)
and the result follows from the equality of mixed partials. 2
We now return to the proof of 4.3. From Lemma 4.5 and (22) we have
π
#
TA ◦R• = JA ◦ T (π
#
A ◦RA) ◦Θ
−1
A∗ ◦ I
×
A .
Sine (A,A∗) is a Lie bialgebroid, π#A ◦RA : T
∗A∗ → TA is a morphism of Lie algebroids over
a∗, so T (π
#
A ◦RA) is a morphism of the prolongation strutures over T (a∗). Also, sine IA is
a Poisson dieomorphism, I×A is an isomorphism of the otangent Lie algebroids over I
−1
A .
For any Poisson manifold, ΘP : T (T
∗P ) → T ∗(TP ) is an isomorphism of Lie algebroids
over TP from the tangent prolongation of the otangent Lie algebroid struture on T ∗P to
the otangent Lie algebroid of the tangent Poisson struture [15, 10.3.13℄. We apply this to
P = A∗.
Finally we apply Lemma 4.7(i). Altogether, we have that π
#
TA ◦ R• is a Lie algebroid
morphism and this ompletes the proof of Proposition 4.3. 2
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Lemma 4.7 (i) Let A be a Lie algebroid on M and let T 2A → T 2M be the iterated pro-
longation Lie algebroid. Then the anonial involution JA : T
2A → T 2A is a Lie algebroid
automorphism over JM .
(ii) For any Poisson manifold P , the anonial involution JP is a Poisson dieomorphism,
with respet to the iterated tangent lift Poisson struture.
Proof. (i) It is suient to show that the dual map JA BT
2M is a Poisson dieomorphism.
The dual of T 2A→ T 2M is T •(TA)→ T 2M and this is isomorphi to T (T •A)→ T 2M under
the map I for TA→ TM . Composing with T (IA) we have that T
•(TA)→ T 2M is isomorphi
to T 2(A∗) → T 2M and with this identiation, JA beomes JA∗ : T
2(A∗) → T 2(A∗). The
result now follows from (ii).
(ii) Write J = JP and JT = JTP . We must show that T (J) ◦ π
#
T 2P
= π#
T 2P
◦ J×. Using
the denition of π
#
T 2P
, we have to show that
T (J) ◦ JT ◦ T (J) ◦ JT ◦ T (J) ◦ T
2(π#) ◦ T (Θ)−1 ◦Θ−1T = T
2(π#) ◦ T (Θ)−1 ◦Θ−1T ◦ J
×.
Now T (J) ◦ JT ◦ T (J) ◦ JT ◦ T (J) = JT . If the oordinates in R
3
are t1, t2, t3 then T (J)
orresponds to the permutation (2 3) and JT to the permutation (1 2). Using this and the
naturality property JT ◦ T
2(π#) = T 2(π#) ◦ JT ∗P , we are redued to showing that, for any
manifold P ,
J×P ◦ΘTP ◦ T (ΘP ) = ΘTP ◦ T (ΘP ) ◦ JT ∗P . (26)
Take ξ ∈ T 2(T ∗P ) and ζ ∈ T 3P with T 2(c)(ξ) = pY 2(ζ). Then, using 4.4,
〈ΘT ◦ T (Θ) ◦ JT ∗P (ξ), ζ〉 = 〈〈T (Θ) ◦ JT ∗P (ξ), JT (ζ)〉〉
and
〈J× ◦ΘT ◦ T (Θ)(ξ), ζ〉 = 〈〈T (Θ)(ξ), JT ◦ T (J)(ζ)〉〉
and equality follows as in Lemma 4.6. 2
Returning to the proof of 4.1, suppose that A is a Lie algebroid on M and that A∗ has a
Lie algebroid struture, not a priori related to the struture on A. Consider D = T ∗A with
the two otangent Lie algebroid strutures arising from the Poisson strutures on A∗ and A,
and suppose that these strutures make D a double Lie algebroid.
Then in partiular, by Theorem 3.9 the anhor T ∗A → TA∗ of the horizontal struture
must be a Lie algebroid morphism over a : A → TM with respet to the vertial strutures.
The anhor is
T ∗A
RA∗−→ T ∗A∗
π#
A∗−→ TA∗
That this be a Lie algebroid morphism over a is preisely the dual form of 3.3.
This ompletes the proof of Theorem 4.1. 2
Reall the Manin triple haraterization of a Lie bialgebra, as given in [14℄: Given a Lie
bialgebra (g, g∗) the vetor spae diret sum d = g ⊕ g∗ has a Lie algebra braket dened
in terms of the two oadjoint representations; this is the lassial Drinfel'd double of (g, g∗).
This braket is invariant under the pairing 〈X + ϕ, Y + ψ〉 = 〈ψ, X〉 + 〈ϕ, Y 〉 and both g
and g∗ are oisotropi subalgebras. Conversely, if a Lie algebra d is a vetor spae diret sum
g⊕ h, both of whih are oisotropi with respet to an invariant pairing of d with itself, then
h ∼= g∗ and (g, h) is a Lie bialgebra, with d as the double.
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This result provided a haraterization of the notion of Lie bialgebra in terms of a single
Lie algebra struture on d, the onditions being expressed in terms of the simple notion of
pairing. It also demonstrated, as a simple onsequene, that the notion of Lie bialgebra is
selfdual: (g, g∗) is a Lie bialgebra if and only if (g∗, g) is so.
For Lie bialgebroids, KosmannShwarzbah [9℄ gave an elegant proof of selfduality, in
terms of her riterion that (A,A∗) is a Lie bialgebroid if and only if the oboundary of one
struture is a derivation of the Shouten braket of the other.
For a Lie bialgebra (g, g∗), the struture of the otangent double Lie algebroid T ∗g ∼= g×g∗
equips T ∗g with Lie algebroid strutures on bases g and g∗. These are the ation Lie algebroids
dened by the oadjoint ations of g and g∗ on eah other. We show in 5 that a double Lie
algebroid (D;A,B.M) for whih the ore is trivial  as is the ase for D = T ∗g  has a
third Lie algebroid struture, on base M . In the ase of T ∗g, M is a point and this third
struture is the Drinfel'd double Lie algebra.
Despite the dierenes, it seems legitimate to regard Theorem 4.1 as a generalization of
the Manin triple theorem, sine it provides a riterion, in terms of a notion of double, for Lie
algebroid strutures on a pair of dual bundles to onstitute a Lie bialgebroid.
In [11℄, Liu, Weinstein and Xu plae a braket struture on A ⊕ A∗, where (A,A∗) is a
Lie bialgebroid, whih is a diret generalization of the Lie algebra struture of the Drinfel'd
double, and they prove a diret generalization of the Manin triple theorem. This is not a
Lie algebroid struture, but a Courant algebroid, a vetor bundle with a braket struture in
whih the Jaobi and Leibniz identities do not neessarily hold. Whereas the otangent double
has two simple strutures whih interat in a nontrivial way, the single braket struture on
A⊕A∗ of [11℄ is less wellbehaved but embodies the whole struture.
The notion of Courant algebroid has been developed in work on Dira strutures and
generalized omplex geometry. On the other hand, the notion of double Lie algebroid abstrats
iterated and seondorder onstrutions in dierential geometry (see partiularly 6), and
provides a general setting for duality phenomena. In partiular, there is a lear global form
of the notion of double Lie algebroid.
Another important property of the lassial Drinfel'd double is that g ⊲⊳ g∗ itself has a
natural struture of Lie bialgebra. A double form of this result will be given in [25℄.
 5 MATCHED PAIRS AND VACANT DOUBLE LIE ALGEBROIDS
A brief history of mathed pairs of Lie algebras was given in the Introdution. The orre-
sponding onept of a mathed pair of Lie groups [14℄, [28℄ was extended to Lie groupoids
in [16℄. In [31℄, Mokri dierentiated the twisted automorphism equations of [16℄ to obtain
onditions on a pair of Lie algebroid representations, of A on B and of B on A, whih ensure
that the diret sum vetor bundle A ⊕ B has a Lie algebroid struture with A and B as
subalgebroids. We quote the following.
Denition 5.1 [31, 4.2℄ Let A and B be Lie algebroids on base M , with anhors a and b,
and let ρ : A→ D(B) and σ : B → D(A) be representations of A on the vetor bundle B and
of B on the vetor bundle A. Then A and B together with ρ and σ form a mathed pair of
Lie algebroids if equations (1) from the Introdution hold.
The Lie algebroid
D(E) of derivations on E is dened in 2. The proof of the following
proeeds along the same lines as the proof for Lie algebras.
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Proposition 5.2 [31, 4.3℄ Given a mathed pair of Lie algebroids, there is a Lie algebroid
struture A ⊲⊳ B on the diret sum vetor bundle A⊕B, with anhor c(X⊕Y ) = a(X)+ b(Y )
and braket
[X1 ⊕ Y1,X2 ⊕ Y2] = {[X1,X2] + σY1(X2)− σY2(X1)} ⊕ {[Y1, Y2] + ρX1(Y2)− ρX2(Y1)}.
Conversely, if A⊕ B has a Lie algebroid struture for whih A⊕ 0 and 0 ⊕B are Lie subal-
gebroids, then ρ and σ dened by [X ⊕ 0, 0⊕ Y ] = −σY (X)⊕ ρX(Y ) form a mathed pair.
We now show that mathed pairs of Lie algebroids orrespond preisely to double Lie
algebroids for whih the ore is zero.
Denition 5.3 A double Lie algebroid (D;A,B;M) is vaant if the ore is the zero bundle.
Equivalently, a double Lie algebroid is vaant if the ombination of the two projetions,
(qDA , q
D
B ) : D → A ×M B is a dieomorphism. This is a diret analogue of the denition of
vaany for double Lie groupoids and for L A groupoids [16, 2.11, 4.10℄.
Consider a vaant double Lie algebroid (D;A,B;M). Note that D → A and D → B are
the pullbak bundles q!AB and q
!
BA. The dual D
BA→ C∗ is the Whitney sum A⊕B∗. The
duality between D BA and D BB is
〈X + ψ, ϕ+ Y 〉 = 〈ψ, Y 〉 − 〈ϕ, X〉. (27)
The horizontal bundle projetion qDB : D → B is a morphism of Lie algebroids over
qA : A → M and sine it is a brewise surjetion, it denes an ation of B on qA as in
[15, 4.1℄. Namely, eah setion Y of B indues the pullbak setion 1 ⊗ Y of q!AB and this
indues a vetor eld η(Y ) = ∆A(1 ⊗ Y ) on A, where ∆A : D → TA is the anhor of the
vertial struture. Sine the anhor is a morphism of double vetor bundles, η(Y ) is linear
over the vetor eld b(Y ) on M , in the sense of [15, 3.4℄; that is, η(Y ) is a vetor bundle
morphism A → TA over b(Y ) : M → TM . It follows that η(Y ) denes derivations σ
(∗)
Y on
A∗ and σY on A by
η(Y )(ℓϕ) = ℓσ(∗)
Y
(ϕ)
, 〈ϕ, σY (X)〉 = b(Y )〈ϕ,X〉 − 〈σ
(∗)
Y (ϕ),X〉 (28)
where ϕ ∈ ΓA∗, X ∈ ΓA, and ℓϕ denotes the funtion A→ R, X 7→ 〈ϕ(qAX),X〉. Sine q
D
A
is a Lie algebroid morphism, it follows that σ is a representation of B on the vetor bundle
A, with ontragredient representation σ(∗). We will use both σ and σ(∗) in what follows.
Likewise, qDA is a morphism of Lie algebroids over qB and for eah X ∈ ΓA we obtain a
linear vetor eld ξ(X) ∈ X (B) over a(X). We dene derivations ρ
(∗)
X on B
∗
and ρX on B by
ξ(X)(ℓψ) = ℓρ(∗)
X
(ψ)
, 〈ψ, ρX(Y )〉 = a(X)〈ψ, Y 〉 − 〈ρ
(∗)
X (ψ), Y 〉. (29)
Again, ρ(∗) and ρ are representations of A.
The two Lie algebroid strutures on D are ation Lie algebroids determined by the ations
Y 7→ η(Y ) and X 7→ ξ(X) [15, 4.1℄. It therefore follows that the dual Poisson strutures are
semidiret, but we need to prove this diretly. We rst alulate the Lie algebroid struture
on A∗ ⊕B indued from that on D → A.
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Lemma 5.4 The Lie algebroid struture on D BA BC∗ = A∗ ⊕ B indued from the double
Lie algebroid struture has anhor e(ϕ⊕ Y ) = b(Y ) and braket
[ϕ1 ⊕ Y1, ϕ2 ⊕ Y2] = {σ
(∗)
Y1
(ϕ2)− σ
(∗)
Y2
(ϕ1)} ⊕ [Y1, Y2]. (30)
The Lie algebroid struture on DBA = A⊕B∗ indued from the double Lie algebroid struture
has anhor e∗(X ⊕ ψ) = −a(X) and braket
[X1 ⊕ ψ1, X2 ⊕ ψ2] = [X2,X1]⊕ {ρ
(∗)
X2
(ψ1)− ρ
(∗)
X1
(ψ2)}. (31)
Proof. We apply equations (19). Firstly, a linear setion (ξ, Y ) of D → A is neessarily a
pullbak setion ξ(X) = X ⊕ Y (m) for X ∈ Am. From the denition (13) of ξ
⊓
we nd that
ξ⊓ ∈ Γ(A∗ ⊕B) is
ξ⊓(m) = 0A
∗
m ⊕ Y (m).
It follows from the rst equation in (19) that [0⊕ Y1, 0⊕ Y2)] = 0⊕ [Y1, Y2] for Y1, Y2 ∈ ΓB.
Next, ϕ ∈ ΓA∗ denes ϕ ∈ Γ(A∗⊕B) where ϕ(m) = ϕ(m)⊕ 0Bm. It follows from (19) that
[ϕ1 ⊕ 0, ϕ2 ⊕ 0] = 0⊕ 0.
The seond equation in (19) is [ξ⊓, ϕ] = Λξ(ϕ). Comparing (17) with (28), we have
Λ = σ(∗). So [0⊕ Y, ϕ⊕ 0] = σ
(∗)
Y (ϕ)⊕ 0 and this ompletes the proof of (30).
For (31) apply (19) to DBBBC∗ = A⊕B∗ and transport the struture to DBA = A⊕B∗
by ZA(X,ψ) = (−X,ψ). 2
Thus A∗ ⊕ B is the semidiret produt A∗ ⋊ B of B with the vetor bundle A∗ with
respet to σ(∗). (This is the simple semidiret produt of two Lie algebroids on the same
base, as in [15, p.270℄.) We denote the struture on A⊕B∗ by Aop ⋉B∗.
Theorem 5.5 Let (D;A,B;M) be a vaant double Lie algebroid. Then the two Lie algebroid
strutures on D are ation Lie algebroids orresponding to ations whih dene representations
ρ, of A on B, and σ, of B on A, with respet to whih A and B form a mathed pair.
Conversely, let A and B be a mathed pair of Lie algebroids with respet to representations
ρ and σ. Then the ation of A on qB indued by ρ and the ation of B on qA indued by σ
dene Lie algebroid strutures on D = A×M B with respet to whih (D;A,B;M) is a vaant
double Lie algebroid.
Proof. We rst need to prove the three equations (1). We start by applying the bialgebroid
ondition to E = A∗ ⋊ B and E∗ = Aop ⋉ B∗. We use the dual form of (20), whih in this
ase is :
dE
∗
[ϕ1 ⊕ Y1, ϕ2 ⊕ Y2] = [d
E∗(ϕ1 ⊕ Y1), ϕ2 ⊕ Y2] + [ϕ1 ⊕ Y1, d
E∗(ϕ2 ⊕ Y2)] (32)
for all ϕ1 ⊕ Y1, ϕ2 ⊕ Y2 ∈ ΓE. By replaing ϕ2 ⊕ Y2 by fϕ2 ⊕ fY2, for f ∈ C
∞(M), and
expanding out, we nd, as in [15, p.449℄, that
dE
∗
[ϕ⊕ Y, f ] = [dE
∗
(ϕ⊕ Y ), f ] + [ϕ⊕ Y, dE∗(f)]. (33)
Now dE∗(f) = −dAf ⊕ 0. So, for the last term, we have [ϕ ⊕ Y, dE∗(f)] = −σ
(∗)
Y (d
Af) ⊕ 0,
and pairing this with any X ⊕ ψ ∈ ΓE∗. we have
〈[ϕ ⊕ Y, dE∗(f)], X ⊕ ψ〉 = a(σY (X))(f)− b(Y )(a(X)(f)).
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On the LHS, [ϕ⊕ Y, f ] = e(ϕ⊕ Y )(f) = b(Y )(f) and so, pairing with X ⊕ ψ gives
〈dE
∗
(b(Y )(f)), X ⊕ ψ〉 = e∗(X ⊕ ψ)(b(Y )(f)) = −a(X)(b(Y )(f)).
Consider the rst term on the RHS of (33). For any ξ ∈ ΓΛ2(E) we have [ξ, f ] = −ιdf (ξ),
[15, 12.1.4℄, so pairing with X ⊕ ψ gives
〈[ξ, f ], X ⊕ ψ〉 = −ξ(df, X ⊕ ψ).
We need the following lemma, whih is a straightforward alulation.
Lemma 5.6
dE
∗
(ϕ⊕ Y )(X1 ⊕ ψ1, X2 ⊕ ψ2) = −(d
Aϕ)(X1, X2) + 〈ψ1, ρX2(Y )〉 − 〈ψ2, ρX1(Y )〉.
2
For the rst term on the RHS of (33). we therefore have
〈[dE
∗
(ϕ⊕ Y ), f ], X ⊕ ψ〉 = −dE
∗
(ϕ⊕ Y )(dEf, X ⊕ ψ) =
− 〈dBf, ρX(Y )〉 = −b(ρX(Y ))(f).
using dEf = 0⊕ dBf. Putting these together, (33) beomes
−a(X)(b(Y )(f)) = −b(ρX(Y ))(f) + a(σY (X))(f) − b(Y )(a(X)(f)),
whih proves the third equation in (1).
Now return to the bialgebroid equation (32). Set ϕ1 = ϕ2 = 0, so that we have
dE
∗
[0⊕ Y1, 0⊕ Y2] = [d
E∗(0⊕ Y1), 0⊕ Y2] + [0⊕ Y1, d
E∗(0⊕ Y2)] (34)
and evaluate this at (0⊕ ψ) ∧ (X ⊕ 0). The LHS of (34) is easily seen to be 〈ψ, ρX [Y2, Y1]〉.
On the RHS, onsider the seond term rst. Writing the braket as the Lie derivative of
the multisetion dE
∗
(0⊕ Y2) with respet to 0⊕ Y1, we have
〈L0⊕Y1(d
E∗(0⊕ Y2)), (0⊕ ψ) ∧ (X ⊕ 0)〉
= L0⊕Y1〈d
E∗(0⊕ Y2), (0⊕ ψ) ∧ (X ⊕ 0)〉 − 〈d
E∗(0⊕ Y2), L0⊕Y1((0⊕ ψ) ∧ (X ⊕ 0))〉
(35)
In the rst term, dE
∗
(0⊕ Y2)(0⊕ψ,X ⊕ 0) = 〈ψ, ρX(Y2)〉, and e(0⊕ Y1) = b(Y1), so we have
b(Y1)〈ψ, ρX(Y2)〉.
For the seond term, note rst that L0⊕Y (0⊕ψ) = 0⊕LY (ψ) and L0⊕Y (X⊕0) = σY (X)⊕0.
Using these, the seond term on the RHS of (35) is
〈LY1(ψ), ρX(Y2)〉+ 〈ψ, ρσY1 (X)(Y2)〉.
Calulating the rst term on the RHS of (34) in the same way, we have
〈ψ, ρX [Y2, Y1]〉 = −b(Y2)〈ψ, ρX(Y1)〉+ 〈LY2(ψ), ρX(Y1)〉+ 〈ψ, ρσY2 (X)(Y1)〉
+ b(Y1)〈ψ, ρX(Y2)〉 − 〈LY1(ψ), ρX(Y2)〉 − 〈ψ, ρσY1 (X)(Y2)〉.
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Finally, b(Y1)〈ψ, ρX(Y2)〉 − 〈LY1(ψ), ρX(Y2)〉 = 〈ψ, [Y1, ρX(Y2)]〉 and we have the rst equa-
tion of (1). The seond equation is proved in the same way.
Now onsider the seond part of 5.5. It is straightforward to prove that (A×MB;A,B;M),
with the ation Lie algebroid strutures on A×MB, is an L A vetor bundle both horizontally
and vertially. We must verify the bialgebroid ondition (32).
Firstly, (34) at (0⊕ψ)∧ (X⊕0) an be proved by reversing the argument above. The ase
of any (X1⊕ψ1, X2⊕ψ2) = (X1⊕0, 0⊕ψ2)+(0⊕ψ1, X2⊕0) follows from the skewsymmetry
of all the terms. Thus (34) holds.
For (32) with Y1 = Y2 = 0 and any arguments, it is straightforward to see that all terms
are identially zero. It remains to onsider (32) with ϕ1 = 0, Y2 = 0. For the LHS we have
dE
∗
[0⊕ Y, ϕ⊕ 0] = −dA(σ
(∗)
Y (ϕ)) ⊕ 0.
Expanding out −dA(σ
(∗)
Y (ϕ))(X1, X2) we have
− a(X1)b(Y )〈ϕ, X2〉+ a(X1)〈ϕ, σY (X2)〉+ a(X2)b(Y )〈ϕ, X1〉
− a(X2)〈ϕ, σY (X1)〉+ b(Y )〈ϕ, [X1, X2]〉 − 〈ϕ, σY ([X1, X2])〉. (36)
On the RHS the seond term is [0⊕Y, dE
∗
(ϕ⊕0)] = [0⊕Y, −dAϕ⊕0] = −σ
(∗)
Y (d
Aϕ)⊕0, using
5.6 and (30), and extending σ
(∗)
Y to the exterior square. Expanding out 〈−σ
(∗)
Y (d
Aϕ), X1∧X2〉,
we have
− b(Y )a(X1)〈ϕ, X2〉+ b(Y )a(X2)〈ϕ, X1〉+ b(Y )〈ϕ, [X1, X2]〉
+ a(σY (X1))〈ϕ, X2〉 − a(X2)〈ϕ, σY (X1)〉 − 〈ϕ, [σY (X1), X2]〉
+ a(X1)〈ϕ, σY (X2)〉 − a(σY (X2))〈ϕ, X1〉 − 〈ϕ, [X1, σY (X2)]〉. (37)
The rst term on the RHS, evaluated at F1 ∧ F2 ∈ ΓΛ
2(E∗), is
〈[dE
∗
(0⊕ Y ), ϕ⊕ 0], F1 ∧ F2〉 = 〈−Lϕ⊕0(d
E∗(0⊕ Y )), F1 ∧ F2〉
= 〈dE
∗
(0⊕ Y ), Lϕ⊕0(F1 ∧ F2)〉,
(38)
sine e(ϕ ⊕ 0) = 0. Now Lϕ⊕0(X ⊕ ψ) = 0⊕ θϕ,X where θϕ,X ∈ B
∗
is the element suh that
〈Z, θϕ,X〉 = 〈σ
(∗)
Z (ϕ), X〉
for all Z ∈ B. Put Fi = Xi ⊕ ψi in (38) and write θi = θϕ,Xi . Then (38) beomes
〈dE
∗
(0⊕ Y ), (0⊕ θ1) ∧ (X2 ⊕ ψ2)〉+ 〈d
E∗(0⊕ Y ), (X1 ⊕ ψ1) ∧ (0⊕ θ2)〉
= a(X2)〈Y, θ1〉 − 〈0⊕ Y, 0⊕ ρ
(∗)
X2
(θ1)〉 − a(X1)〈Y, θ2〉+ 〈0⊕ Y, 0⊕ ρ
(∗)
X1
(θ2)〉
= b(ρX2(Y ))〈ϕ, X1〉 − 〈ϕ, σρX2 (Y )(X1)〉 − b(ρX1(Y ))〈ϕ, X2〉+ 〈ϕ, σρX1(Y )(X2)〉.
Adding this to (37) gives (36), using the rst and last equations of (1). The proof of
Theorem 5.5 is omplete. 2
In the proess we have also proved the following result.
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Corollary 5.7 Let A and B be Lie algebroids on the same base M , and let ρ : A → D(B)
and σ : B → D(A) be representations on the vetor bundles underlying B and A.
Then A, B, ρ, σ form a mathed pair if and only if (A∗ ⋊ B, Aop ⋉ B∗), with the Lie
algebroid strutures desribed in 5.4, is a Lie bialgebroid.
Thus the three mathed pair equations in (1) are embodied in the bialgebroid equation
(32). Theorem 5.5 atually shows the equivalene of three formulations: a vaant double Lie
algebroid struture with sides A and B is equivalent to a mathed pair struture on (A,B),
whih in turn is equivalent to a Lie bialgebroid struture on (A∗ ⋊ B, Aop ⋉B∗) of the type
in 5.4. We thus have a diagrammati haraterization of mathed pairs of Lie algebroids:
reall that the haraterization 3.3 of a Lie bialgebroid is formulated entirely in terms of the
Poisson tensor and the anonial isomorphism R. Thus 5.5 provides a denition of mathed
pair whih an be formulated more generally in a ategory possessing pullbaks and suitable
additive struture. The orresponding haraterization of mathed pairs of Lie groupoids in
terms of vaant double Lie groupoids is in [16, 2℄.
Given a vaant double Lie algebroid (D;A,B;M) the Lie algebroid struture A ⊲⊳ B on
D →M may be alled a diagonal struture by analogy with the groupoid ase.
Forms of Corollary 5.7 in the Lie algebra ase have been found by Majid [29, 8.3℄ and in
the setting of LieRinehart algebras by Huebshmann [7℄.
In the ase of a Lie bialgebra (g, g∗), the Lie bialgebroid assoiated to the vaant double
Lie algebroid is (g ⊕ g0, g
∗ ⊕ g∗0) where the subsripts denote the abelianizations. This is of
ourse onsistent with 4.1 in the bialgebra ase  whih is both a bialgebroid and a mathed
pair.
 6 THE DOUBLE LIE ALGEBROID OF A DOUBLE LIE GROUPOID
Denition 3.1 of a double Lie algebroid arose from work on the double Lie algebroid of a
double Lie groupoid, as onstruted in [16℄, [20℄. Some of what is required in order to verify
that the double Lie algebroid of a double Lie groupoid does satisfy 3.1 has been given in [18℄,
and we reall the details briey.
First we reall the notion of double Lie groupoid (see [16℄ and referenes given there).
A double Lie groupoid onsists of a manifold S equipped with two Lie groupoid strutures
on bases H and V , eah of whih is a Lie groupoid on base M , suh that the struture
maps (soure, target, multipliation, identity, inversion) of eah groupoid struture on S
are morphisms with respet to the other, and suh that the double soure map α2 : S →
H ×M V, s 7→ (α˜V (s), α˜H(s)) is a surjetive submersion; see Figure 7(a). One should think
of elements of S as squares, the horizontal edges of whih ome from H, the vertial edges
from V , and the orner points from M .
Consider a double Lie groupoid (S;H,V ;M) as in Figure 7(a). Applying the Lie funtor
to the vertial struture S ⇒ H gives a Lie algebroid AV S → H whih also has a groupoid
struture over AV obtained by applying the Lie funtor to the struture maps of S ⇒ V ;
this is the vertial L A groupoid of S [16, 4℄, as in Figure 7(b). We reall the notion of
L A groupoid from [16℄.
Denition 6.1 An L A groupoid is a manifold Ω equipped with a Lie groupoid struture on
a base A, whih is a Lie algebroid on a base M , and a Lie algebroid struture on a base G,
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S
eαH , eβH ////
eαV , eβV
 
V

αV , βV

H
αH , βH
// //M
(a)
AV S
A(eαH ), A(eβH)////
eqV

AV
qV

H //
//
M
(b)
A2S
q˙H //
A(eqV )

AV

AH qH
//M
()
Figure 7.
whih is a Lie groupoid on M , suh that the groupoid struture maps (soure, target, identity,
division) are morphisms of Lie algebroids, and the map Ω → G ×M A whih ombines the
bundle projetion and the Lie groupoid soure, is a surjetive submersion.
The Lie algebroid of AV S ⇒ AV is denoted A
2S; there is a double vetor bundle stru-
ture (A2S;AH,AV ;M) obtained by applying A to the vetor bundle struture of AV S → H
[20℄; see Figure 7(). Reversing the order of these operations, one denes rst the horizontal
L A groupoid (AHS;AH,V ;M) and then takes the Lie algebroid A2S = A(AHS). The
anonial involution JS : T
2S → T 2S then restrits to an isomorphism of double vetor bun-
dles J˜S : A
2S → A2S and allows the Lie algebroid struture on A
2S → AV to be transported
to A2S → AV . Thus A2S is a double vetor bundle equipped with four Lie algebroid stru-
tures; in [20℄ we alled this the double Lie algebroid of S. The ore of both double vetor
bundles A2S and A
2S is AK, the Lie algebroid of the ore groupoid K ⇒M of S [20, 1.6℄.
Theorem 6.2 With the strutures just dened, (A2S;AH,AV ;M) is a double Lie algebroid.
Proof.Write D = A2S. The struture maps for the horizontal vetor bundle A2S → AV are
obtained by applying the Lie funtor to the struture maps of AHS → V and are therefore Lie
algebroid morphisms with respet to the vertial Lie algebroid strutures. The orresponding
statement is true for the vertial vetor bundle A2S → AH and this is transported by J˜S to
A2S → AH. Thus the rst ondition of 3.1 is satised.
Now onsider the bialgebroid ondition. We rst need to identify the Lie algebroid stru-
tures on A2S BAH BA
∗K and A2S BAV BA
∗K. From [18℄ we know that A∗V S ⇒ A
∗K is
a Poisson groupoid, and therefore (A(A∗V S), A
∗(A∗V S)) is a Lie bialgebroid. To relate these
strutures, we need to reall the duality of V Bgroupoids.
Consider any V Bgroupoid as in Figure 8(a), with ore vetor bundle L→M . Taking the
dual in the sense of V Bgroupoids [32℄, [15, 11.2℄, we have the V Bgroupoid (Ω∗;G,L∗;M)
as in Figure 8(b).
The pairing of Ω and Ω∗ is a Lie groupoid morphism Ω×GΩ
∗ → R and the indued pairing
〈〈 , 〉〉 = A(〈 , 〉) of the Lie algebroids is also nondegenerate and respets the double vetor
bundle strutures [15, 11.5℄. It therefore indues an isomorphism of double vetor bundles
IΩ : A(Ω
∗)→ AΩ BAG
whih preserves both side bundles and the ore. Write I˜V and I˜H for this map when Ω = AV S
and Ω = AHS. Composing the inverse of J˜S BAH with I˜V gives an isomorphism
Θ˜H = (J˜S BAH)
−1 ◦ I˜V : A(A
∗
V S)→ A2S
BAH. (39)
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Ω
////

A

G //
//
M
(a)
Ω∗
////

L∗

G
////M
(b)
A(Ω∗) //

L∗

AG //M
()
Figure 8.
Dualizing this over A∗K we get Θ˜H BA
∗K : A2S BAH BA
∗K → A∗(A∗V S) and to prove that
this is an isomorphism of Lie algebroids it it suient to prove that Θ˜H is a Poisson map.
On the other hand, onsider I˜H : A(A
∗
HS) → A2S
BAV . Dualizing this over A∗K we
obtain
I˜H BA
∗K : A2S BAV BA
∗K → A∗(A∗HS).
Again, to show that this is an isomorphism of Lie algebroids, it is suient to show that I˜H
is a Poisson map. However the Poisson struture on A2SBAV is the dual of the Lie algebroid
struture on A2S → AH and this is obtained from the Lie algebroid struture on A
2S → AH,
transported by J˜S . So we atually need to show that Θ˜V , dened by
Θ˜V = (J˜S BAV ) ◦ I˜H : A(A
∗
HS)→ A
2S BAV (40)
is a Poisson map. The proof is therefore redued to the following.
Proposition 6.3 The map Θ˜H : A(A
∗
V S)→ A2S
BAH is a Poisson map with respet to the
Poisson struture on A(A∗V S) indued from the Poisson struture on A
∗
V S whih is dual to
the Lie algebroid AV S → H, and the Poisson struture on A2SBAH dual to the Lie algebroid
A2S → AH.
The map Θ˜V : A(A
∗
HS)→ A
2SBAV is a Poisson map with respet to the Poisson struture
on A(A∗HS) indued from the Poisson struture on A
∗
HS whih is dual to the Lie algebroid
AHS → V , and the Poisson struture on A
2S BAV dual to the Lie algebroid A2S → AV.
Proof. We will dedue these from the ommutativity of Figures 9(a) and (b).
A∗(A∗HS)
eRH //
ΛH

A2S BAH
eJS
BAH

A(A∗V S)
eIV
//
eΘH
99sssssssssssssssss
A2S BAH
(a)
A∗(A∗V S)
eRV //
ΛV

A2S BAV
A(A∗HS)
eIH
//
eΘV
99sssssssssssssssss
A2S BAV
eJS
BAV
OO
(b)
Figure 9.
In turn we will dedue these diagrams from the ommutative diagram in Figure 10(a),
whih is valid for any manifold S [15, p.442℄. Here (δν)# is the map from forms to elds
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indued by the anonial sympleti struture δν on T ∗S. The lower right triangle is the
denition of ΘS and the ommutativity of the upper triangle is proved in [15, 9.6.7℄.
T ∗T ∗S
RTS //
(δν)#

T ∗TS
J∗
S

TT ∗S
ITS
//
ΘS
::vvvvvvvvvvvvvvv
T •TS
(a)
T ∗T ∗S
(δν)# //
 
TT ∗S
 
A∗V T
∗S
a∗
// TA∗V S
(b)
Figure 10.
For any V Bgroupoid (Ω;G,A;M) there is a anonial isomorphism of double vetor
bundles RΩ : A
∗Ω∗ → A∗Ω whih preserves the side bundles A and L∗ and indues −id on
the ores A∗G [15, 11.5.13℄. The maps R˜V and R˜H in Figure 9 are RΩ for Ω = A
∗
V S and
Ω = A∗HS.
The maps ΛH and ΛV are the maps denoted DH and DV in [18, 3℄. We reall the
denition.
The otangent groupoid of the groupoid S ⇒ H is T ∗S ⇒ A∗V S. This is a sympleti
groupoid and so the indued map (δν)# : T ∗T ∗S → TT ∗S is an isomorphism of Lie groupoids
as shown in Figure 10(b), where a∗ denotes the anhor for the Lie algebroid struture on
A∗V T
∗S → A∗V S.
A∗V T
∗S ////

A∗T ∗K

A∗V S //
//
A∗K
(a)
TA∗V S
////

TA∗K

A∗V S
// // A∗K
(b)
A∗V TS
// //

A∗TK

A∗V S
//// A∗K
()
Figure 11.
This a∗ is itself a morphism of double strutures (indeed, of triple strutures); the domain
and target are shown in Figures 11(a) and (b). The V Bgroupoid (a) arises by taking the
vertial Lie algebroid of the double Lie groupoid (T ∗S;A∗V S,A
∗
HS;A
∗K) and then dualizing;
it has ore A∗(A∗HS). The V Bgroupoid (b) is the tangent of A
∗
V S ⇒ A
∗K and so has ore
A(A∗V S). We dene ΛH to be the ore map of a∗. The denition of ΛV is similar.
Both RTS and ΘS are also groupoid morphisms. For any V Bgroupoid (Ω;G,A;M), RΩ
is a groupoid morphism over RΩ : A
∗Ω∗ → A∗Ω [15, 11.5.14℄. In partiular, RTS is a Lie
groupoid morphism over RTS/TH : A
∗
V T
∗S → A∗V TS where the subsript indiates that R
refers to the V Bgroupoid (TS;TH,S;H).
Similarly, ΘS is a groupoid morphism over ϑS/H : TA
∗
V S → A
∗
V TS [15, 11.5.11℄. From
the ommutativity of Figure 10(a), it follows that
ϑS/H ◦ a∗ = RTS/TH .
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It further follows that the ore maps of ϑS/H , a∗ and RTS/TH ommute. The ore map of a∗
is ΛH by denition. To see the ore of Figure 11(), onsider the triple struture in Figure
12(a). The ore of the top fae here is AVAHS = A2S and the ore of the bottom fae is AH.
Taking the dual of AV TS over TH produes the triple struture shown in Figure 12(b). The
bundle A2S → AH of the top and bottom ores of (a) is parallel to the axis of dualization and
so the bundle of top and bottom ores of (b) is A2S BAH → AH. The proess of dualizing
a triple vetor bundle is desribed in detail in [23℄ and the modiations to take aount of
groupoid strutures are straightforward.
AV TS
// //

%%KK
KK
KK
ATV

$$H
HH
HH
H
AV S
// //

AV

TH
////
&&LL
LL
LL
L TM
$$J
JJ
JJ
J
H
////M
(a)
A∗V TS
////

$$II
II
II
I
A∗TK

$$I
II
II
II
I
A∗V S
////

A∗K

TH
// //
%%KK
KK
KK
KK
TM
%%KK
KK
KK
KK
H
////M
(b)
Figure 12.
It is routine to verify that the ore map of RTS/TH is R˜H and the ore map of ϑS/H is
Θ˜H . This proves the ommutativity of the upper triangle in Figure 9(a). The proof for (b) is
similar.
Now RTS : T
∗T ∗S → T ∗TS is an antisympletomorphism and so RTS/TH is antiPoisson
[15, 11.5.16℄. Likewise (δν)# : T ∗T ∗S → TT ∗S is an antisympletomorphism and so ϑS/H
is antiPoisson. It follows that the ore maps are also antiPoisson, and so ΘH is a Poisson
map. The ase of ΘV follows in the same way. This onludes the proof of Proposition 6.3
and with it the proof of Theorem 6.2. 2
It is also possible to prove that for any L A groupoid (Ω;G,A;M) applying the Lie
funtor yields a double Lie algebroid (AΩ;AG,A;M). In this ase there is no version of the
anonial involution J and it is neessary to work with prolonged Lie algebroid strutures;
see [20, 3.3℄.
Several examples of the double Lie algebroid of spei double Lie groupoids are given in
[20, 4℄. We onlude by noting three other examples.
Example 6.4 Take S to be the double groupoid (M4;M×M,M×M ;M) in whih a quadru-
ple of points is regarded as dening a square by its four verties. Then A2S is the double tan-
gent bundle T 2M and Θ˜H redues to ΘM . The assoiated Lie bialgebroid is (T
∗T ∗M, TT ∗M)
on base T ∗M with its standard sympleti struture.
Example 6.5 An anoid W [37℄ on a manifold M may be regarded as a vaant double Lie
subgroupoid of M4 in the previous example, suh that both side groupoids H and V are the
graphs of simple foliations dened by surjetive submersions π1 : M → Q1 and π2 : M → Q2
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[16, 3℄. The orresponding double Lie algebroid was alulated diretly in [19℄ to be a double
Lie subalgebroid (A2W ;T
π1M,T π2M ;M) of T 2M with brakets dened by a pair of onjugate
at partial onnetions on M adapted to the two foliations. The Lie bialgebroid in this ase
is (T π1M ⋉ (T π2M)∗, (T π1M)∗⋊T π2M) where the semidiret strutures are also dened by
the onnetions.
Example 6.6 Let (S;H,V ;M) be a double Lie groupoid and write D = A2S. Consider the
otangent double groupoid (T ∗S;A∗V S,A
∗
HS;A
∗K). The double Lie algebroid of T ∗S an be
identied anonially with (T ∗D;D BA(A∗V S),D
BA(A∗HS);A
∗K), the otangent double of
D as shown in the top fae of Figure 3(a).
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